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We use a toy model to discuss the problem of parameterizing the possible contribution of a light scalar meson, sigma, to the final state interactions in the non
leptonic decays of heavy mesons.
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1. Introduction
A nice feature of recent results from BABAR, BELLE, CESAR and FERMILAB is the historically unprecedented number of points in the Dalitz
diagrams obtained for decays like D0 → π + π − K̄0 . It is not only favorable
for learning more about CP violation and associated problems in the weak
interactions but for learning about properties of resonances in the strong
interactions. This involves a resonance dominated description 1 (so-called
isobar model) as illustrated in Fig. 1. Typically, a Breit-Wigner shape as
well as an arbitrary overall complex number is assumed for each resonance.
While it is hard to rigorously justify such a procedure from fundamental
QCD, it is made plausible by the large NC approximation 2 which actually
suggests that such a procedure should hold when the resonances are quark
anti-quark composites. Of course, this kind of procedure has worked very
well in the past for many established resonances like the ρ(770).
Recently, there has been a great deal of interest (See ref3 -ref7 ) in the
possibility of observing the seemingly elusive light scalar mesons, like the
sigma (f0 (600)) and its strange analog, kappa, from such Dalitz diagrams.
Evidence for their existence had been previously obtained by many workers
1
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Figure 1.

Isobar model for the decay D → ππ K̄

based on constructing theoretical models and comparing with experimentally obtained phase shifts. This evidence suggests that these resonances
are “hidden”- they do not have obvious Breit Wigner shapes but seem to
contain a lot of interference with the background. Furthermore, their structure seems more likely to be two quarks- two antiquarks rather than quarkantiquark; this is deduced from the fact that, when amalgamated in a putative SU(3) nonet, they display an upside-down ordering with the degenerate
iso-singlet, isotriplet states (f0 (980), a0 (980)) appearing as heaviest rather
than lightest members. It should be noted that such a “four quark” structure is theoretically disfavored for resonances in the leading tree order of the
large Nc approximation. So, on both experimental and theoretical grounds,
one may expect that the parameterization of these possible resonances in
the Dalitz analysis might very well be different from the parameterization
of ordinary quark- antiquark resonances.
What is the crucial ingredient in a suitable parameterization of low
energy scalar resonances? We will argue that it is chiral symmetry.
2. Chiral symmetry
The problem of the scalar channel in pion physics goes back about fifty
years. Using the Yukawa (pion exchange) model, the value of the pi-nucleon
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coupling constant, gπN N was well established from the long distance behavior of the nucleon- nucleon potential. However, when this value of coupling
constant was applied to try to calculate the s-wave pion nucleon scattering
length using the nucleon exchange diagrams, the answer turned out to be
more than ten times larger than experiment. The cure was eventually realized to involve upgrading the iso-spin or SU(2) symmetry to two separate
iso-spin symmetries for the left and right handed components of the nucleon. This chiral SU(2) symmetry would be manifest if the nucleons were
massless. However, Nambu had the insight to propose that the symmetry is
there anyway and that the nucleon receives a mass because the symmetry is
“spontaneously broken”. The simplest realization of this mechanism is embodied in the Gell Mann - Levy linear sigma model 8 . The chiral symmetry
meson multiplet in this model contains, in addition to the pions, a scalar
particle denoted the sigma. When the mass of the sigma is considerably
higher than the pion mass, the effect of sigma exchange cancels out almost
all of the much too large result for the s-wave pion nucleon scattering and
leaves the right answer.
The same situation prevails for the s-wave pion pion scattering amplitude. The meson part of the chiral invariant linear sigma model Lagrangian
is given in terms of the pion and sigma fields as:
1
L = − (∂µ π · ∂µ π + ∂µ σ∂µ σ) + a(σ 2 + π 2 ) − b(σ 2 + π 2 )2 ,
2

(1)

where the real parameters a and b are both taken positive to insure spontaneous breakdown of chiral symmetry. The vacuum value hσi of the σ field
is related to the pion decay constant as
√
Fπ = 2 hσi ,
(2)
where Fπ = 0.131 GeV. The parameter a is given by
a=

1 2
m ,
4 σB

(3)

where mσB is the tree level (or bare) value of the sigma mass. The only
unknown parameter at the moment in this simple model is mσB since one
has b = m2σB /(2Fπ )2 . Then, calculating the conventional pion pion amplitude as the sum of the 4-point pion term plus the sigma exchange term
gives the result,
A(s, t, u) =

s − m2π −1
2(m2σB − m2π )
[(1
−
) − 1].
Fπ2
m2σB − m2π

(4)
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Here, s, t, u are the Mandelstam variables and we have included the effect
of the small pion mass by adding a term linear in the field σ to Eq. (1).
The last entry “-1” in this equation represents the 4 point pion term.
Near threshold (s = 4m2π ) and for m2σB large compared to m2π , most of this
is seen to be canceled away and one is left with Weinberg’s formula 9 for
near threshold scattering,

A(s, t, u) =

2
(s − m2π ),
Fπ2

(5)

which works very well. The inelegant feature of the present derivation is
that it arises as the near cancellation between two large quantities. This
can be cured by “integrating out” the relatively heavy sigma (as was done
for a different reason already by Gell Mann and Levy). Then the pion field
appears non-linearly; this non-linear sigma model treats the interaction
strength as properly “small” and is convenient to use for further calculations
(Chiral perturbation theory program). However, we shall use the original
linear model here since our purpose is to provide a simple toy model to
illustrate how to parameterize the effects of the sigma meson. From the
above we can already draw the lesson that a simple pole term for the sigma
without the associated 4 pion contact term is likely to be misleading. Both
are needed for the chiral symmetry to hold.
It is amusing that the SU(2) linear sigma model is identical to the Higgs
sector of the standard electroweak theory when one scales up Fπ by a factor
of about 2660. The sigma becomes the Higgs particle and the pions become
the longitudinal components of the W and Z bosons. Our present understanding of “precision” electroweak theory suggests that the quantity mσB
scales up by a slightly reduced factor so that the dimensionless quantity b
(which measures the strength of the Higgs self coupling) is smaller than for
the possible low energy QCD application.

3. Pion pion scattering
The needed I=J=0 partial wave amplitude for pi pi scattering at tree level
is obtained from Eq. (4) as:

 0
T0 tree (s) = α (s) +

β(s)
m2σB − s

(6)
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where
α (s) =

q
1−

β(s) =

q
3 1−

4m2π
s
32πFπ2
4m2π
s
16πFπ2

m2σB

− mπ

2





m2 − mπ 2
−10 + 4 σB
ln
s − 4mπ 2



m2σB + s − 4mπ 2
m2σB

2
m2σB − mπ 2 .

S00 (s) = 1 + 2iT00(s).

(8)

While, as just discussed, this tree-level formula works well at threshold
it does involve large coupling constants and cannot be expected to be a
priori reasonable even several hundred MeV above threshold. In addition,
at the point s = m2σB , the amplitude Eq. (6) diverges. The solution to this
problem, which is adopted in the conventional isobar rescattering parameterizations, is to include a phenomenological width term in the denominator
by making the replacement:
1
−s

−→

m2σB

1
.
− s − imσB Γ

(9)

However this standard approach is not a good idea in the present case.
As emphasized by Achasov and Shestakov 10 , the replacement Eq. (9)
completely destroys the good threshold result which is a consequence of
chiral symmetry. This is readily understandable since the threshold result
was seen to arise from a nearly complete cancellation between the first and
second terms of Eq. (6). However, the pole in the linear sigma model can be
successfully handled by using, instead of Eq. (9), K-matrix regularization,
which instructs us to adopt the exactly unitary form
 
1 + i T00 tree (s)
0
(10)
S0 (s) =
1 − i [T00 ]tree (s)
Using Eq. (8) we get
T00 (s)

,

(7)

The normalization of the amplitude T00 (s) is given by its relation to the
partial wave S-matrix

m2σB



 0
T0 tree (s)
=
.
1 − i [T00 ]tree (s)

(11)

 
 
Near threshold, where T00 tree (s) is small, this reduces to T00 tree (s) as
desired. Elsewhere it provides a unitarization of the theory which is seen to
have the general structure of a “bubble-sum”. We will adopt this amplitude
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as our toy model for (the strongly coupled) QCD in the low energy I=J=0
channel.
The obvious question is whether this toy model can explain the experimental data. The only parameter available is mσB . In Fig. 2 the real
part of the T00 amplitude (sufficient in the elastic regime) is plotted against
existing data for several values of mσB . It is seen that there is at least a
rough fit to the data up till about 0.8 GeV if mσB lies in the range 0.8
- 1.0 GeV. Clearly, the energy region between about 0.8 and 1.2 GeV is
not at all fit by the model. However this is due to the neglect of a second
scalar resonance which is expected to exist in low energy QCD. As shown
in 11 if the SU(2) Lagrangian is “upgraded” to the three-flavor case (so that
another scalar field σ ′ identifiable with the f0 (980) is contained) the entire
√
region up to about s = 1.2 GeV can be reasonably fit with the same K
matrix unitarization scheme.
In assessing the validity of this toy model for low energy QCD one should
also consider the role of the vector mesons. These are known to be important in many low energy processes and give the dominant contributions
to the “low energy constants” of the chiral perturbation theory expansion.
Nevertheless it was found 12 that, while rho meson exchange does make a
contribution to low energy s-wave pion pion scattering, its inclusion does
not qualitatively change the properties of the light σ resonance which seems
crucial to explain the I=J=0 partial wave. More specifically, the effect of
the rho meson raises the σ mass by about 100 MeV and lowers its width
somewhat.
Thus, we have seen that the given toy model provides a reasonable description of low energy s-wave pion pion scattering. At the same time we
have seen a couple of its drawbacks and how to improve them. Before going
to the rescattering application, it seems worthwhile to mention an interesting feature of the K-matrix unitarization. The criterion for the model to be
in the non-perturbative region is that the dimensionless coupling constant
2

σB
is greater than unity. Here b is around 10. Thus one might
b= m
2Fπ
expect the physical parameters like the sigma mass and width to differ
from their “bare” or tree-level values. To study this we look at the complex
sigma pole position in the partial wave amplitude in Eqs. (11) and (7):

T00 (s) =

(m2σB − s)α(s) + β(s)
.
(m2σB − s)[1 − iα(s)] − iβ(s)

(12)

This is regarded as a function of the complex variable z which agrees with
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Figure 2. Comparison with experiment of Real part of the I=J=0 ππ scattering amplitude in the SU(2) Linear Sigma Model, for mσB = 0.5 GeV (dots), mσB = 0.8 GeV
(dashes) and mσB = 1 GeV (solid). Experimental data 13 are extracted from Alekseeva
et al (squares) and Grayer et al (triangles).

s+iǫ in the physical limit. The pole position z0 is then given as the solution
of:
(m2σB − z0 )[1 − iα(z0 )] − iβ(z0 ) = 0.

(13)

Note that α(s) remains finite as q 2 = s−4m2π → 0, so there
p are no poles due
to the numerator of Eq. (12). In Fig. 3 we show how Re(z0 ), a measure
of the “physical” sigma mass, depends on the choice of mσB . Note that
there is a maximum physical mass and correspondingly two different values
of mσB will result in the same physical mass. In fact, the best fit value lies
a bit to the right of the peak; there the physical mass is considerably less
than the bare mass. Similarly, the physical width comes out considerably
smaller than the bare width.
It is amusing to observe that the peak of |T00 (s)| occurs at the bare
sigma mass, s = m2σB . This may be seen by noting that, since T00 (s) can be
expressed in terms of the phase shift as exp(iδ00 (s)) sin δ00 (s), the peak will
occur where |δ00 (s)| = π/2. In other words, the peak will occur where T00 (s)
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Re(z0 ) in GeV as a function of mσB in GeV. Here we have set

is pure imaginary. This is immediately seen from Eq (12) to be the case
when s = m2σB . It should also be remarked that the shape of |T00 (s)| differs
considerably from a corresponding Breit-Wigner shape for the parameter
choice which fits the s-wave pion pion scattering data.
4. Rescattering
We have argued against using for the rescattering term representing the
sigma in Fig. 1, the usual choice:
gσππ
,
m2σB − s − imσB Γ

(14)

where gσππ is the sigma pi pi coupling constant in the model (which will
anyway get absorbed in an unspecified “production” factor). In the Kmatrix unitarization we do not introduce the width by hand. Rather the
rescattering is represented by the “bubble sum” factor (1 − i[T00 ]tree )−1 as

February 2, 2008

3:40

WSPC/Trim Size: 9in x 6in for Proceedings

rescatteringtalk

9

in Eq. (11). Then, the proper rescattering factor

10

is,

gσππ
1
gσππ
= 2
cos δ00 exp iδ00 ,
2
0
mσB − s 1 − i[T0 ]tree
mσB − s

(15)

where we used the relation for the phase shift δ00 in the K-matrix unitarization scheme: tan δ00 = [T00 ]tree , where in turn the unitarized I=J=0 S-matrix
element is given by S00 = exp 2iδ00 . It is important to examine the quantity
cos δ00 (s). Using Eq. (6) it is straightforward to find
cos δ00 (s) =

[(m2σB

−

s)2

m2σB − s
.
+ (α(s)(m2σB − s) + β(s))2 ]1/2

(16)

The numerator cancels the pole at s = m2σB in Eq. (15) so one has a finite
result for the rescattering factor expressed in terms of the functions α(s) and
β(s) defined in Eq.(7). In contrast to |T00 |, the magnitude of the rescattering
0
factor | cos δ00 eiδ0 /(m2σB −s)| peaks at the much smaller physical value rather
than the bare value of the sigma mass 14 . This is understandable since there
is a trivial numerator and the denominator has the same structure as the
denominator used to find the physical pole position.
To sum up, we have stressed that it is necessary to take chiral symmetry
into account when parameterizing the final state rescattering into two pions
in the I=J=0 channel. We presented a simple toy model 15 which seems
able to do the job. In this model the quantity mσB may be considered a
parameter. Evidently there is a lot more to do in this area and hopefully the
possibility of improving our understanding of low energy strong dynamics
will emerge.
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